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I.  INTRODUCTION 

Adaptive  arrays  with  cross-polari2ed  elements  can  adapt  not  only  to 
the  angle  of  arrival  of  signal',  but  also  to  their  polarizations.  In  a 
previous  paper\  the  author  described  the  performance  of  an  adaptive  array 
consisting  of  two  pairs  of  crossed  dipoles  separated  a  half  wavelength. 

It  was  shown  that  such  an  array  can  protect  a  desired  signal  from  interference 
signals  from  almost  all  directions  and  with  almost  all  polarizations.  Per¬ 
formance  was  shown  to  be  poor  only  when  both  the  desired  and  interference 
signals  arrive  from  the  same  direction  and  have  the  same  polarization,  or 
in  certain  other  special  cases  with  linearly  polarized  signals. 

In  this  report  we  examine  the  performance  of  an  even  simpler  adaptive 
array  --  one  consisting  of  three  mutually  perpendicular  dipoles  all  centered 
at  the  same  location.  For  obvious  reasons,  we  will  refer  to  this  three-ele¬ 
ment  system  as  a  "tripole"  antenna.  Such  an  array  is  extremely  interesting 
for  several  reasons.  First,  it  discriminates  between  signals  on  the  basis  of 
polarization  alone.  (With  all  elements  centered  at  the  same  location,  there 
is  no  interelement  phase  shift  due  to  angle  of  arrival,  as  in  a  conventional 
array.)  Second,  we  will  show  that  such  an  array  has  a  remarkable  ability  to 
protect  a  desired  signal  from  interference.  Finally,  such  an  array  could  it¬ 
self  be  used  as  a  building  block  in  larger  arrays  that  adapt  to  polarization 
as  well  as  angle  of  arrival. 

In  Section  II  of  the  report,  we  define  the  array  geometry,  characterize 


the  desired  and  interference  signals,  and  develop  equations  for  the  output 
SINR  from  the  array.  In  Section  III  we  present  results  and  describe  the 
performance  of  such  a  system.  Section  IV  contains  the  conclusions. 


r 
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II.  FORMULATION  OF  THE  PROBLEM 

Consider  an  adaptive  array  consisting  of  three  mutually  perpendicular 
dipoles,  all  centered  at  the  same  location,  as  shown  in  Figure  1.  The  signal 
from  each  dipole  is  to  be  processed  separately  in  the  array.  Let  ^(t), 

£2(t)  and  x3(t)  be  the  complex  (analytic)  signals  received  from  the  x-,  y- 
and  z-oriented  dipoles,  respectively.  In  the  adaptive  processor,  each  signal 
x.(t)  is  multiplied  by  a  complex  weight  vi-  and  summed  to  produce  the  array 

J  J 

2  3 

output.  When  the  weights  w-  are  controlled  by  an  LMS  processor  *  ,  the 

J 

steady-state  weight  vector,  w  =  (w-j,  w2,  w3)T,  is  given  by 

w  =  <J>_1  S  (l) 

where  $  is  the  covariance  matrix. 


and  S  is  the  reference  correlation  vector, 

S  =  E|x*?(t)J  .  (3) 

In  these  equations,  X  is  the  signal  vector, 

X  =  (x^t),  x2(t),  x3(t))T  ,  (4) 

2  3 

r(t)  is  the  complex  reference  signal  used  in  the  adaptive  array  feedback  ’  , 

T  denotes  transpose,  complex  conjugate,  and  E(.)  expectation. 

Assume  two  CW  signals  are  incident  on  the  array,  one  desired  and  the 
other  interference.  Let  9  and  <j>  denote  standard  polar  angles,  as  shown  in 
Figure  1.  We  assume  the  desired  signal  arrives  from  angular  direction  (6^,^) 
and  the  interference  from  ( , ^^ ) .  Furthermore,  each  signal  is  assumed  to 
have  an  arbitrary  electromagnetic  polarization?  To  <  haracterize  the  polari¬ 
zation  of  each  signal,  we  make  the  following  definitions. 

*I.e.  we  assume  each  signal  to  be  completely  polarized.10 
partially  or  randomly  polarized  signals. 


We  do  not  consider 
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Given  a  TEM  wave  propagating  into  the  array,  we  consider  the  polari¬ 
zation  ellipse  produced  by  the  transverse  electric  field  as  we  view  the 

/\  A  /\ 

incoming  wave  from  the  coordinate  origin.  Note  that  unit  vectors  4>,  0,  -r, 
in  that  order,  form  a  right-handed  coordinate  system  for  an  incoming  wave. 
Suppose  the  electric  field  has  transverse  components 

E  =  E^  «  +  E0  0  .  (5) 

(We  will  call  E^  the  horizontal  component  and  E0  the  vertical  component  of 
the  field.)  In  general,  as  time  progresses,  E^  and  E0  will  describe  a  polari¬ 
zation  ellipse  as  shown  in  Figure  2.  Given  this  ellipse,  we  define  0  to 
be  the  orientation  angle  of  the  major  axis  of  the  ellipse  with  respect  to 
E.,  as  shown  in  Figure  2.  To  eliminate  ambiqui ties,  we  define  6  to  be  in 
the  range  0  <  0  <  n.  We  also  define  the  elliptic! ty  angle  a  to  have  a  magni¬ 
tude  given  by 

jaj=  tan_1r  (6) 

where  r  is  the  axial  ratio: 
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Ee 


-  minor  axis 

major  axis  '  v  1 

In  addition,  ot  is  defined  positive  when  the  electric  vector  rotates  clockwise 

and  negative  when  it  rotates  counterclockwise  (when  the  incoming  wave  is 

viewed  from  the  coordinate  origin,  as  in  Figure  2).  a  is  always  in  the  range 

-  ^  <  a  <  Figure  2  depicts  a  situation  in  which  a  is  positive. 

For  a  given  state  of  polarization,  specified  by  a  and  B,  the  electric 

field  components  are  given  by  (aside  from  a  common  phase  factor) 

E .  =  A  cos  y  (8a) 

9 

E0  =  A  sin  v  eJn  (8b) 

4 

where  A  is  the  amplitude  and  y  and  n  are  related  to  a  and  8  by 


cos  2y  =  cos  2a  cos  2B 
tan  n  =  tan  2a  esc  28 


(9a) 

(9b) 


rta 


n - 
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The  relationship  between  the  four  angular  variables  a,  8,  y  and  n  is  most 
easily  visualized  by  making  use  of  the  Poincare  Sphere4.  This  tech¬ 
nique  represents  the  state  of  polarization  by  a  point  on  a  sphere,  such  as 
point  M  in  Figure  3.  For  a  given  M,  2y,  28  and  2a  form  the  sides  of  a  right 
spherical  triangle,  as  shown.  2y  is  the  side  of  the  triangle  between  M  and 
a  point  labeled  H  in  the  figure;  H  is  the  point  representing  horizontal 
linear  polarization.  Side  28  extends  along  the  equator,  and  side  2a  is  verti¬ 
cal,  i.e.,  perpendicular  to  side  28.  The  angle  n  in  Equations  (8)  and  (9) 
is  the  angle  between  sides  2y  and  28.  The  special  case  when  a=  0  in  Equation 
(6)  and  Figure  2  corresponds  to  linear  polarization;  in  this  case  the  point 
M  lies  on  the  equator.  If,  in  addition,  8=0,  only  E^  is  nonzero  and  the 
wave  is  horizontally  polarized.  This  case  defines  the  point  H  in  Figure 
3.  If,  instead,  8  =  ~,  only  E0  is  nonzero  and  the  wave  is  vertically  polarized. 
Point  M  then  lies  on  the  equator  diametrical ly  behind  H.  The  poles  of  the 
sphere  correspond  to  circular  polarization  (a  =  +  45°),  with  clockwise  circular 
polarization  (a  =  +  45°)  at  the  upper  pole. 

Thus,  an  arbitrary  plane  wave  coming  into  the  array  may  be  character¬ 
ized  by  four  angular  parameters  and  an  amplitude.  For  example,  the  desired 
signal  will  be  characterized  by  its  arrival  angles  (8d,  4>d),  its  polarization 
ellipticity  angle  a^  and  orientation  angle  8^,  and  its  amplitude  Ad.  (I.e., 

Ad  is  the  value  of  A  in  Equation  (8)  for  the  desired  signal.)  We  will  say 
the  desired  signal  is  defined  by  (0d,  4>d,  arf,  Bd,  Ad).  Similarly,  the  inter¬ 
ference  is  defined  by  (8j,  <j>j,  a.,  8^  Aj). 

We  assume  each  dipole  in  the  array  is  a  short  dipole.  I.e.,  the  output 
voltage  from  each  dipole  is  proportional  t.o  the  electric  field  component 
along  the  dipole.  Therefore,  £^(t),  Xp(t)  and  x-^(t)  will  be  proportional 

*These  relationships  are  derived  in  Reference  4.  Our  definitions  and  notation 
corresprnd  exactly  to  those  in  Reference  4  if  we  substitute  E^+X,  E0+Y, 

; 

i 

L 


to  the  x- ,  y-  and  z-components,  respectively,  of  the  electric  field.  An 
incoming  signal,  with  arbitrary  electric  field  components  and  E0,  has 
x,y,z  components: 

F  =  E(],  ^  +  Eg  e 

A  A 

=  (E0cos0cos(j)-E^sin4))x  +  (E^osesin^+E^cosijOy 

-  (E0sine)z  .  (10) 

When  E^  and  E0  are  expressed  in  terms  of  A,  y  and  n  as  in  Equation  (8),  the 
electric  field  components  become 

F  =  A j^(sinYCos0cos<|>e'lr|  -  cosysin<}>)x 

+  ( sinycosOsin^e^  +  cosycoscf>)y 

-  (sinysin0eJn)zj  .  (11) 

Including  the  time  dependence,  we  find  that  an  incoming  signal  characterized 
by  (0,  <t>,  a,  8,  A)  produces  a  signal  vector  in  the  array  (Equation  (4))  as 
follows: 

X  =  A  eJ(wt^)u,  (12a) 


where  U  is  the  vector 
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U  = 


f  siriYCOs0cos())eJr| 
sinYC0s8sin<j>eJn 
\^-sinYSineeJr) 


-cosysin<t 

+COSYCOS()) 


J 


(12b) 


a)  is  the  frequency  of  the  signal,  and  ^  is  the  carrier  phase  of  the  signal 
at  the  coordinate  origin  at  t=0. 

As  stated  ^oove,  we  assume  a  desired  signal  specified  by  (0^,  4^,  0^, 

f?d»  A(j)  and  an  interference  signal  specified  by  (0^,  a.,  r^.,  8^,  A^)  are 

incident  on  the  array.  In  addition  we  assume  a  thermal  noise  voltage  n.(t) 

s  s 

is  present  on  each  signal  Xj(t).  The  nj(t)  are  assumed  to  be  zero  mean, 

2 

to  be  statistically  independent  of  each  other,  and  to  have  power  a  : 


where  S-j  is  the  Kronecker  delta. 

Under  these  assumptions,  the  total  signal  vector  is  given  by 


X  =  X.  +  X.  +  X 
d  1  n 

j(wt+i|>.)  j(wt+>K) 

■  v  ud +  v  ui 


*  * 


n’ 


(14) 


where  U^  and  are  given  by  Equation  (l?b)  with  appropriate  subscripts  d 
or  i  added  to  each  angular  quantity.  4^  and  41.  are  assumed  to  be  random 
phase  angles,  each  uniformly  distributed  on  (0,  ?_i\)  and  statistically  inde¬ 
pendent  of  the  other.  Xn  is  the  noise  vector. 


Xn  =  (K*i(t),  r^2(t),  n3(t))T  . 


(15) 
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The  covariance  matrix  in  Equation  (2)  is  then  given  by 


where 


d  i  n 

(16a) 

4*4  * 

(16b) 

44  ■ 

(16c) 

o2i 

( 16d) 

and 


with  I  the  identity  matrix. 

To  make  the  LMS  array  track  the  desired  signal,  the  reference  signal 
r(t)  must  be  a  signal  correlated  with  the  desired  signal  and  uncorrelated 

c  a 

with  the  interference  We  assume 
j  (u>t+\pd) 


r(t)  =  Ar  e 


(17) 


Equation  (3)  then  yields  for  the  reference  correlation  vector, 
s  =  Ar  Ad  U*  . 


(18) 


The  steady-state  weight  vector  can  now  be  found  by  substituting  Equations 
(16)  and  (18)  into  Equation  (1).* 


♦Alternatively,  one  can  assume  that  a  steering  vector  Wg  is  used  in  the 
adaptive  array  feedback,  as  described  by  Applebaum7.  In  that  case  one  would 
choose  w0  to  be  the  same  as  S  in  Equation  (18),  and  the  array  weights  are 
given  by  w=$"'w  . 


The  signal-to-interference-plus-noise  ratio  (SINR)  at  the  array  output 
is  then  given  by 
P, 


SINR  = 


Pi+Pn 


where  is  the  output  desired  signal  power, 


Pd  ‘  7  E' 


J 


P^  is  the  output  interference  power, 


XTw 

1 


<\2  2 

-i  K«l 


and  Pn  is  the  output  thermal  noise  power. 


(19) 


(20) 


(21) 


(22) 


By  making  use  of  a  matrix  inversion  lemma,  the  expression  for  SINR  in  Equation 
(19)  can  be  put  in  the  simple  form: 

,2  n 

(23) 


SINR  =  K, 


T  * 
UdUd 


T  * 
UdUi 


-  1  T  * 

c •  Hl-U- 
11 


where 


5-  =  =  interference-to-noise  ratio  ( I NR )  .  (24b) 

o 

The  derivation  of  Equation  (23)  from  Equation  (1)  is  carried  out  in  the 
Appendix  of  Reference  IT.  For  the  particular  antenna  under  study  here,  it  is 
easily  shown  from  Equation  (12b)  that 

uKj  -  u(u*  *  '•  <25> 


Calculation  of  the  SINR  from  Equation  (26)  is  much  easier  than  from  Equations 
( 1 9 ) - ( 22) ,  because  Equation  (26)  does  not  require  calculation  of  the  weight 
vector.  In  the  next  section,  we  show  typical  curves  of  the  array  performance 
based  on  Equation  (26). 


*Ed  and  £i  are  the  signal-to-noi se  ratios  that  will  exist  in  a  given  array 
element  if  the  incoming  signal  arrives  broadside  to  that  element  and  is 
linearlyQpolarized  in  the  direction  of  that  element.  For  example,  if  ad=0° 
and  6^=0  ,  the  desired  signal  is  polarized  entirely  in  the  Ex- direct  ion. 

Then  if  the  signal  arrives  from  4»d=90°,  the  SNR  on  element  Twill  be  £d. 

(In  this  case,  the  SNR  on  elements  2  and  3  will  be  zero.)  In  general,  with 
an  arbitrary  state  of  polarization  (ad*0°  or  6d^0o)  and  an  arbitrary  arrival 
angle  0d,  4>d,  the  SNR  on  every  element  will  be  less  than  Ed.  However,  if 
the  signals  from  all  elements  are  combined  with  optimal  weights  (i.e.,  maximal- 
ratio  combiner  weights8),  the  total  output  SNR  from  all  elements  combined 

be  Sd-  js  (-1^5  maximum  available  SNR  out  of  all  three  dipoles. 
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III.  RESULTS 

Because  of  the  large  number  of  parameters  required  to  specify  both 
the  desired  and  interference  signals,  many  types  of  curves  can  be  plotted. 

We  shall  not  present  an  exhaustive  set  of  curves  here.  Rather,  we  shall 
first  show  a  number  of  typical  curves,  and  then  will  discuss  the  situations 
in  which  the  array  performance  is  poor. 

First,  we  show  curves  representing  typiral  performance  for  an  arbitrarily 
polarized  desired  signal  arriving  from  an  arbitrary  direction.  We  assume 

W45°’  ad=15°’  8d=30°  and  SNR  =  0  dB-  Also’  we  assume  INR  =  40  dB- 

Figures  4  and  5  show  the  array  output  SINR  as  a  function  of  the  interference 
arrival  angle  for  various  interference  polarizations.  Figure  4  shows  SINR 
versus  0.,  for  <j>^=45°,  and  Figure  5  shows  SINR  versus  4.,  for  9^=45°. 

Figures  4a  and  5a  show  8^=0°,  Figures  4b  and  5b  show  3^=30°,  and  so  forth, 
up  to  Figures  4f  and  5f  for  8^=150°.  Each  figure  shows  the  SINR  for  a^=-45°, 
-30°,  -15°,  0°,  15°,  30°  and  45°. 

Study  of  these  curves  shows  that  this  simple  antenna  system,  which 
responds  only  to  polarization,  has  a  remarkable  ability  to  protect  a  desired 
signal  from  interference.  To  cause  a  poor  SINR,  an  interference  signal  must 
not  only  arrive  from  the  same  direction  as  the  desired  signal,  it  must  also 
have  the  same  polarization.  (The  relationship  between  SINR  and  polarization 
when  both  signals  arrive  from  the  same  direction  is  discussed  below  under 
Special  Case  1.)  Figure  4  shows  that  for  all  0.  not  near  0d  the  output  SINR 
is  above  -8  dB  for  all  and  Figure  5  shows  that  for  all  4-  not  near 

4d  the  output  SINR  is  above  -12  dB  for  all  a^,  B^.  Thus,  with  interference 
from  these  arrival  angles,  the  array  provides  at  least  28  dB  of  protection 
in  all  cases  except  when  the  conditions  8j~0d,  ^i'^d’  ai=ad  and  8i~8d  are 
all  simultaneously  fulfilled. 


Figure  4.  SI  NR  vs.  0^. 

00=45°,  4>d=45°,  ad=15°,  6d=30°,  SNR*0  <JB 
♦  , =45°.  INR=40  dB. 
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When  the  S I NR  is  computed  for  this  desired  signal  and  for  other  values 
of  4> ^ *  the  results  are  generally  similar  to  those  shown  in  Figures  4 
and  5.  However,  there  is  one  exception.  When  the  interference  arrives  from 
the  opposite  direction  from  the  desired  signal,  an  SI  NR  of  -40  dB  can  result 
for  one  particular  polarization  (which  we  call  the  "conjugate"  polarization). 
This  case  is  examined  in  detail  below  under  Special  Case  2. 

When  the  performance  of  this  array  is  examined  for  other  desired  signal 
arrival  angles  and  polarizations,  the  results  are  again  generally  similar 
to  those  in  Figures  4  and  5.  There  is,  however,  an  important  situation  where 
the  performance  is  not  good.  If  the  desired  signal  is  linearly  polarized, 
the  array  is  vulnerable  to  linearly  polarized  interference  from  a  wide  range 
of  angles.  This  situation  will  be  examined  in  detail  below  under  Special 
Case  3. 

Thus,  there  are  three  situations  where  this  array  does  not  protect 
well  against  interference:  (1)  when  both  signals  arrive  from  the  same  direction 
with  the  same  polarization,  (2)  when  the  signals  arrive  from  opposite  direc¬ 
tions  with  "conjugate"  polarizations,  and  (3)  when  the  desired  signal  has 
linear  polarization.  Let  us  consider  these  cases  in  detail. 

Special  Case  1:  Both  Signals  Arrive  From  the  Same  Direction 

When  both  signals  arrive  from  the  same  direction,  it  turns  out  the 
output  SINR  is  simply  related  to  the  separation  of  the  two  signal  polari¬ 
zations  on  the  Poincare  sphere.  Specifically,  if 


♦d  =  *i  ’ 


then  Equation  (12b)  yields 
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T  *  j(rVrnj) 

UdUi  =  sinYdsinYi  e  +  C0SYdcosfi 


(28) 


From  this,  using  trigonometric  identities,  one  finds  that 
2 

|«XI  =  ^[l+c°s?Ydcos2yi  +  sin2yds  in2vicos(nd-ni )]  .  (29) 

Suppose  and  are  points  on  the  Poincare  sphere  representing  the  polari 

zations  of  the  desired  and  interference  signals,  respectively.  Then  in 

Equation  (29),  2yd  and  2yi  are  sides  of  a  spherical  triangle  with  arc 

as  the  third  side,  as  shown  in  Figure  6.  The  angle  nd-r^  is  the  angle  oppo 

g 

site  side  Using  a  well-known  identity  from  spherical  trigonometry  , 

we  have 


cos2ydcos2Yi  +  sin2ydsir,'’Y1-cos(nd-n1)  =  cos(MdM.)  (30) 


so  Equation  (29)  is  equivalen  .< 

IUX|2  •  ?['  *  «*("/<»]  =  cos?(^l) 

Then  from  Equation  (26),  we  have 


SI NR  =  £d 


(31) 


(32) 


This  result  shows  that  when  both  signals  arrive  from  the  same  angle,  the 
SINR  obtained  depends  only  on  the  separation  M(|M .  on  the  Poincare  sphere. 
The  specific  polarizations  do  not  matter,  only  the  separation. 

Figure  7  shows  a  plot  of  SINR  versus  the  spherical  distance  MdM.,  in 
angular  measure,  for  f.d  =  0  dB  and  "  40  dB.  We  see  that  a  separation 
of  MdMj  =  37°  is  required  to  have  SINR  =  -  10  dB,  i.o.,  for  30  dB  of 


J 


SINR  (dB) 
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interference  protection.  Thus,  for  example,  if  8^=8^  we  need  ad-a-  =  18.5° 

*- 

for  30  dB  of  protection.  (Recall  that  point  M  is  above  the  equator  by  2a 
in  Figure  3.) 

Special  Case  2:  Signals  Arrive  From  Opposite  Directions 

A  poor  SINR  will  also  occur  if  the  interference  arrives  from  the  opposite 
direction  from  the  desired  signal  and  if  the  interference  polarization  is 
conjugate  to  that  of  the  desired  signal.  (We  define  "conjugate"  below.) 

First  let  us  illustrate  this  situation.  Figure  8  shows  a  calculation 
of  SINR  similar  to  those  in  Figure  5.  The  desired  signal  is  again  at 
6d  =  ♦  =  45°  with  ad  =  15°,  8d  =  30°,  SNR  =  0  dB  and  INR  =  40  dB.  Figure 
8  shows  SINR  versus  <t>^,  but  now  for  0.  =  135°  instead  of  45°  as  in  Figure 
5,  and  for  8^  =  150°.  It  may  be  seen  that  the  SINR  drops  to  -40  dB  when 
=  225°  and  a..  =  -15°.  Note  that  the  angle  of  arrival  6.  =  135°,  4^  =  22 5° 
is  exactly  in  the  opposite  direction  from  the  desired  signal,  with 
flj  =  4>d  =  45°.  Moreover,  as  will  be  explained  below,  the  polarization 
a..  =  -15°,  8..  =  150°  is  conjugate  to  that  of  the  desired  signal  with  ad  =  15° 
and  8d  =  30°. 

Consider  the  general  case.  When  the  interference  arrives  from  the 
opposite  direction  to  the  desired  signal,  we  have 
6i  =  180°  -  od 
and 

o  <33> 

4>j  -  td  *  180 

For  these  values  of  and  4^,  one  finds  from  Equation  (12b)  that 
t  *  >i(  nd-  O') ) 

UdUi  =  sinYCjSinyie  -  cosydcosYi  .  (34) 

This  differs  from  Equation  (28),  when  both  signals  arrive  from  the  same  direc¬ 
tion,  only  in  the  minus  sign  preceeding  cosydcosY1-. 


A 
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Given  a  desired  signal  polarization  yd,  nd,  let  us  define  a  new  polari- 
*  ★  , 

zation  with  parameters  yq>  nd  given  by 


Yd  =  Yd« 


and 


(35) 


nd  -  nd  +  180  , 

where  we  choose  the  sign  to  keep  hq  in  the  range  -180°  1  Hq  <  180  •  1°  terms 

of  y*  and  hq,  uju*  in  Equation  (34)  may  be  written 


Uqll*  =  "  sir)YdsinYi  e 


j(Vni} 


COSYdCOSYi 


(36) 


2 

Therefore  j U i J  is 


j(nd-ni) 


+  COSYqCOSY, 


(37) 


tUdUil  =  [sinY^sinYi  e 

Comparing  this  with  Equation  (28)  and  considering  the  steps  leading  up  to 
Equation  (32),  we  see  that  the  SINR  may  now  be  written 


SINR  =  E 


(38) 


.  *  * 
where  Mq  is  the  point  on  the  Poincare  sphere  defined  by  Yq,  hq.  Thus,  for 

this  interference  arrival  angle,  the  SINR  depends  only  on  the  separation 
between  Mi  and  Mq  on  the  Poincare  sphere. 

We  will  say  that  polarization  Mq  is  conjugate  to  polarization  Mq. 

These  two  polarizations  differ  only  in  that  the  angle  bq  is  180  away  from 
nd,  as  seen  in  Equation  (35).  By  examining  Equation  (9),  we  find  that  the  po¬ 
larization  conjugate  to  otq,  8q  will  have  ellipticity  and  orientation  given  by 


.i 


1 


(39) 


e* .  180°  -  ed 

Thus,  in  Figure  8,  where  «d  =  15°  and  8^  =  30°,  the  conjugate  polarization 
is  oij  =  -15°  and  8^  =  150°,  and  the  SINR  is  poor  when  a.  ~  a*  and  8^  ~  8^. 

The  physical  explanation  for  this  result  is  simple.  When  the  interfer¬ 
ence  arrives  from  the  opposite  direction  to  the  desired  signal  and  has  con¬ 
jugate  polarization,  it  produces  element  signals  with  exactly  the  same  rela¬ 
tive  amplitudes  and  phases  as  does  the  desired  signal.  Thus,  this  situation 
is  electrically  equivalent  to  the  case  where  the  interference  arrives  from 
the  same  direction  and  has  the  same  polarization  as  the  desired  signal. 

Special  Case  3:  Linear  Desired  Signal  Polarization 

The  case  where  the  desired  signal  is  linearly  polarized  is  the  worst 
situation  for  this  array.  In  this  case,  the  array  is  vulnerable  to  similarly 
polarized  interference  from  a  wide  range  of  angles.  Moreover,  it  does  not 
matter  what  direction  the  desired  signal  arrives  from,  or  in  what  direction 
its  (linear)  polarization  is  oriented.  The  more  closely  the  desired  signal 
polarization  approaches  linear,  the  wider  is  the  range  of  angles  from  which 
an  interference  signal  can  effectively  reduce  the  SINR. 

Let  us  first  illustrate  this  with  a  simple  example.  Suppose  ^ 

=  90°,  and  0^  =  90°.  Also,  suppose  both  signals  are  linearly  polarized, 
ad=0‘i=0°,  and  the  orientation  angles  of  both  signals  are  the  same,  8^  =  8^. 
Under  these  conditions.  Figure  9  shows  the  SINR  versus  for  several  values 
of  8rf  (=  &.)  approaching  90°  (polarization  parallel  to  the  z-oriented  dipole), 
for  SNR  =  0  dB  and  INR  =  40  dB.  As  may  be  seen  in  the  figure,  the  closer 
8d  approaches  90°,  the  wider  an  angular  separation  (  <t>.  -  $d)  is  required 
between  the  two  signals  to  achieve  a  given  SINR. 


SINR  (dB) 
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Figure  8-  SINR  vs.  4> 

0d=45°,  <t>d-45°,  a d-15°,  B d=30°,  SNR=0  dB. 
6^135°,  8. =150°,  INR=40  dB. 


Figure  9  . 


SINR  vs.  <}>i  for  Bd=B j: . 

0d=9O°,  4>d=90°,  «d=0  ,  SNR=0  dB. 
9^=90°,  a^=0°,  INR=40  dB. 
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If  the  desired  signal  is  linearly  polarized  but  the  interference  arrives 
from  an  arbitrary  direction  with  arbitrary  polarization,  then  the  SINR  depends 
on  the  interference  parameters  in  a  simple  way.  Suppose,  for  example,  0^ 

=  90°,  a.  =  0°,  and  3^  =  90°.  (In  this  case,  the  desired  signal  excites  only 
the  z-axis  dipole.)  Then,  from  Equation  (9),  we  have  yd  =  90°  and  Equation 
(12b)  yields 

2 

uju*  =  sin20isin2yi  (40) 

so  the  SINR  in  Equation  (26)  becomes 

SINR  ■  fl  -  sl"2Vn%  1  (41) 

L  s1*1  J 

Note  that  this  result  holds  regardless  of  <jr  or  . 

Equation  (41)  shows  that,  for  a  given  «i ,  a  constant  SINR  will  be  obtain¬ 
ed  for  all  polarizations  with  the  same  y^  on  the  Poincare  sphere.  As  may 
be  seen  from  Figure  3,  a  locus  of  constant  yi  is  a  circle  on  the  sphere. 

For  yi  =  45°,  for  example,  it  is  a  great  circle  passing  through  the  '■^••jator 
at  =  0°,  B-  =  45°  and  135°,  and  through  the  top  and  bottom  poles  correspond¬ 
ing  to  circular  polarization.  For  y^  =  0°  or  y.  =  90°,  the  circle  reduces 
to  a  point,  corresponding  to  horizontal  or  vertical  polarization,  respective¬ 
ly.  For  any  given  yi ,  associated  values  of  Oj  and  3-j  can  be  found  from  Equa¬ 
tion  (9a). 

The  physical  reason  the  SINR  in  Equation  (41)  is  invariant  with  rtj  is 
as  follows.  For  a  given  0^,  varying  the  polarization  parameters  3^  in 
such  a  way  that  yi  remains  constant  holds  the  amplitudes  of  the  vertical  and 
horizontal  components  of  the  incident  field  constant.  Only  the  relative  phase 
between  Ee  and  E^  changes.  For  example,  if  y.  =  45°^  the  poli,ri.  tion 


-r< 

ellipse  stays  inside  of  and  tangent  to  a  square,  as  shown  in  Figure  10.  The 
vertical  component  Ey  appears  in  x^(t),  and  the  horizontal  component  E^  ap¬ 
pears  in  the  combined  outputs  from  x^t)  and  x2(t).  It  can  be  shown  that, 
with  no  desired  signal  component  in  Xj(t)  or  x?(t),  the  array  combines  Xj(t) 

J'  O 

and  x^t)  with  maximal  ratio  combiner  weights  to  yield  the  E^-component  of 
the  interference  at  maximum  interference-to-noi se  ratio,  regardless  of  4  • . 

This  combined  output  from  Xj(t)  amd  X2(t)  is  adjusted  to  the  proper  phase 

•r 

by  the  weights  and  then  subtracted  from  x3(t)  to  null  the  interference.  Since 
the  amplitudes  of  the  vertical  and  horizontal  components  are  fixed  as  var¬ 
ies,  so  is  the  output  SINR. 

Since  the  SINR  in  Equation  (41)  does  not  depend  on  <J> - ,  the  array  will 
be  equally  vulnerable  to  interference  from  any  <|>^;  separating  the  two  signals 
in<j>does  not  help.  The  worst  case  occurs  if  6.  =  90°,  =  0°,  and  =  90° 

(so  y j  =  90°),  when  Equation  (41)  gives 

SINR  =  M  (42) 

^-j+1 

which  is  essentially  -40  dB  if  SNR  =  0  dB  and  'NR  =  40  dB,  again  regardless 


of 


In  Equation  (41),  we  assumed  that  =  90°,  ad  =  0°,  and  $d  =  90°  but 
that  the  interference  parameters  are  arbitrary.  Alternatively,  we  may  assume 
the  interference  is  linearly  polarized,  say  0^  =  90°,  =  0°  and  =  90°, 

and  the  desired  signal  is  arbitrary.  In  this  case,  =  90°  and  Equation 
(12b)  yields 


T  * 
udui 


sin^s 


inV 


(43) 


SINR  =  £d 


1  - 


sin  0dsin 

TfTT 


so 


(44) 


regardless  of  4>d  or  nd.  This  result  is  analogous  to  Equation  (41).  With 
the  interference  linearly  polarized  parallel  to  the  z-oriented  dipole,  it  tells 
us  how  close  sinf^sinY^  can  approach  unity  if  a  given  SINR  must  be  obtained. 

For  example,  if  an  SINR  of  -3  dB  is  necessary  (with  SNR  =  0  dB  and  INR  =  40 
dB),  either  9^  must  be  less  than  45°  if  vertical  linear  polarization  (yd  = 

90°)  is  used,  or,  if  the  polarization  is  circular  (yd  =  45°),  the  signal 

may  arrive  from  6^  =  90°. 

In  this  example  it  is  easy  to  see  the  reason  for  the  poor  performance 
of  the  array.  When  9^  =  90°,  ad  =  0°  and  @d  =  90°  (and  <j>d  has  any  value), 
the  desired  signal  excites  only  the  z-axis  dipole.  Clearly,  an  interference 
signal  from  6^  =  90°  with  the  same  polarization  (a.  =  0°,  =  90°)  will  also 

produce  a  signal  only  in  this  dipole,  regardless  of  <)>..  The  array  will  then 
have  no  ability  to  null  one  signal  and  not  the  other,  whether  ^  =  4>d  or  not. 

However,  it  turns  out  that  the  poor  performance  of  the  array  with  a 
linearly  polarized  desired  signal  does  not  depend  on  having  the  electric  field 
aligned  with  one  of  the  dipoles*.  A  similar  result  occurs  whenever  the  desir¬ 
ed  signal  is  linearly  polarized,  regardless  of  its  arrival  angles  ftd,  <fcd,  or 
orientation  angle  Bd.  In  general,  with  a  linearly  polarized  desired  signal, 
the  array  will  be  vulnerable  to  any  linearly  polarized  interference  signal 
whose  electric  field  is  parallel  to  that  of  the  desired  signal.  More  specifi¬ 
cally,  suppose  the  desired  signal  arrives  from  a  given  direction  with  a  given 
linear  polarization.  Imagine  a  plane  passing  through  the  center  of  the  tri¬ 
pole  and  oriented  perpendicular  to  the  desired  signal  electric  field.  Then 
a  linearly  polarized  interference  signal  incident  on  the  tripole  from  any  dir¬ 
ection  this  plane,  with  its  electric  field  perpendicular  to  this  plane, 

*The  author  is  grateful  to  Andrew  Zeger  of  Zeger  and  Abrams,  Inc.,  who  first 
pointed  this  out  to  him. 


will  produce  a  low  SINR  from  the  array.  The  physical  reason  is  that  such  an 
interference  signal  produces  the  same  element  voltages  in  the  array  as  the 
desired  signal  (except  for  a  scale  constant).  Hence,  a  set  of  array  weights 
that  nulls  the  interference  also  nulls  the  desired  signal. 

Simple  SINR  formulas  for  the  general  case  of  a  linearly  polarized  desired 
signal  may  be  obtained  by  defining  a  new  coordinate  system  whose  axes  are  chos¬ 
en  to  align  with  the  desired  signal.  We  shall  not  carry  out  the  details  here, 
which  are  tedious  and  appear  to  give  little  additional  insight  into  the  prob¬ 
lem,  but  shall  merely  describe  the  procedure. 

Assume  the  desired  signal  arrival  direction  f»d,  $d  and  orientation  angle 
3d  are  given.  We  define  a  new  x'y'z'  coordinate  system  oriented  so  the  x'- 
axis  points  in  the  direction  ed,  <$d  and  whose  z’-axis  is  parallel  to  the  desir¬ 
ed  signal  electric  field.  This  coordinate  system  may  be  obtained  by  a  se¬ 
quence  of  three  orthogonal  coordinate  rotations  of  the  original  xyz  coordinate 

system  in  Figure  10  about  each  of  its  axes.  (The  three  angles  of  rotation  are 
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usually  called  Eulerian  angles  .)  Using  the  x'y'z'  axes,  we  define  polar 
coordinates  r',  6',  <p'  in  the  usual  way,  with  e*  measured  from  the  z'  axis 
and  4> '  from  the  x'  axis.  In  this  coordinate  system,  the  desired  signal  ar¬ 
rives  from  e  ■  =  90°,  4>d'  =  0°  and  has  orientation  angle  gd'  =  90°.  The  inter¬ 
ference  parameters  9- ' ,  and  r?  ^ '  in  the  primed  frame  may  be  derived 

from  the  corresponding  parameters  in  the  unprimed  frame  by  means  of  the  Euler¬ 
ian  angle  rotations.  (Note  that  angle  a which  describes  the  ellipticity 
of  the  interference,  is  the  same  in  either  frame.)  To  evaluate  the  SINR  in 
Equation  (26),  we  note  that  Ud  and  U^  are  vectors,  which  may  be  represented 
in  terms  of  either  their  xyz  components  or  their  x'y’z'  components.  Since 
the  x'y'z'  system  is  obtained  from  the  xyz  system  by  an  orthogonal  transforma¬ 
tion,  is  invariant  under  this  transformation  and  may  be  computed 


in  either  system  with  the  same  result.  In  the  primed  system,  however,  since 
=  90°,  ct^  =  0°  and  =  90°,  the  steps  required  to  evaluate  llju*j  are 

identical  to  those  used  to  obtain  Equation  (40),  except  that  all  quantities 
are  now  primed.  Thus,  we  find 


(45) 


(46) 


where  6(  is  the  polar  angle  and  y!  the  polarization  parameter  of  the  inter¬ 
ference,  both  as  seen  in  the  primed  system.  Since  6'  =  90°  is  the  plane  per¬ 
pendicular  to  the  desired  signal  electric  field,  we  see  from  Equation  (46) 
that  any  linearly  polarized  interference  signal  arriving  in  this  plane  and 
polarized  perpendicular  to  the  plane  (so  8^  =  90°  and  hence  y^  =  90°)  will 

produce  a  low  SINR  from  the  array,  as  discussed  above. 

Thus,  in  conclusion.  Special  Cases  1,  2  and  3  describe  the  situations 
in  which  this  array  will  not  yield  good  performance.  Other  than  in  these  cas¬ 
es,  however,  performance  such  as"that  shown  in  Figures  4,  5,  and  8  is  typical 
of  what  is  obtained.  In  general,  this  array  has  quite  a  good  ability  to  pro¬ 
tect  a  desired  signal  from  interference. 

As  a  final  remark,  we  note  that  the  tripole  antenna  may  itself  be  used 
as  a  building  block  in  a  larger  adaptive  array.  For  example,  the  poor  perform¬ 
ance  of  the  tripole  with  linearly  polarized  signals  can  be  eliminated  by  array¬ 
ing  two  or  more  tripoles.  Such  an  array  will  not  have  the  difficulties  describ¬ 
ed  in  Special  Cases  2  or  3.  (However,  it  will  still  have  the  behavior  describ¬ 
ed  in  Special  Case  1.) 


IV.  CONCLUSIONS 


In  this  report  we  have  studied  the  performance  of  the  tripole  antenna, 
an  adaptive  array  of  three  mutually  perpendicular  dipoles.  The  array  output 
SINR  (signal-to-interference-plus-noise  ratio)  has  been  computed  when  a  de¬ 
sired  signal  and  an  interference  signal,  each  with  arbitrary  elliptical  po¬ 
larization,  are  incident  on  the  array  from  arbitrary  directions.  Uncorrelat¬ 
ed  thermal  noise  is  also  assumed  present  in  each  element  signal. 

This  simple  array  has  been  shown  to  have  an  impressive  ability  to  pro¬ 
tect  a  desired  signal  from  interference.  Figures  4  and  5  show  typical  curves 
of  output  SINR  obtained  with  this  array.  The  special  cases  in  which  the 
array  output  SINR  is  not  good  have  also  been  examined.  It  was  shown  that 
the  performance  is  poor  in  three  situations: 

(1)  When  both  signals  arrive  from  the  same  direction.  In  this  case 
the  output  SINR  depends  only  on  the  separation  of  the  polarizations  of  the 
two  signals  on  the  Poincare  sphere. 

(2)  When  the  two  signals  arrive  from  opposite  directions.  In  this 
case  the  output  SINR  depends  only  on  the  Poincare  sphere  separation  between 
the  interference  polarization  and  a  polarization  conjugate  to  that  of  the 
desired  signal. 

(3)  When  the  desired  signal  is  linearly  polarized.  In  this  case  the 
array  is  vulnerable  to  interference  from  a  wide  range  of  angles. 

In  general,  if  linearly  polarized  desired  signals  are  avoided,  the 
tripole  antenna  will  protect  a  desired  signal  from  almost  any  interference 
signal.  If  the  interference  arrives  from  a  different  direction  than  the 
desired  signal,  the  array  will  suppress  it  regardless  of  its  polarization. 
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lf  the  interference  arrives  from  the  same  direction  as  (or  opposite  to)  the 
desired  signal,  the  array  will  suppress  it  unless  its  polarization  is  the 
same  as  (conjugate  to)  that  of  the  desired  signal. 
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